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Evolutionary game dynamics

• Population composed of different types of individuals

• Individuals adopting successful strategies tend to 

survive

• Natural selection process 

– Differential equations

– Difference equations

– Reaction-diffusion equations

– Differential inclusion

• Individuals meet randomly

• How does the population evolves over time? 
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Why consider spatial structure?

• The spatial location of the individuals may alter 

the population dynamics

• Spatially explicit models (e.g., lattice-based)

– Size of the environment

– Environment divided into various sites

– Number of individuals per site

– Individuals lay their offspring in their vicinity
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Example: dynamics of natural selection

• Mutants in a non-structured population  have fixation 

probability (1-1/r)/(1-1/rn)

• How do spatial characteristics affect the evolution 

process?

From [12]

Evolutionary suppressors Evolutionary amplifiers 

1/n (1-1/r)/(1-1/rKn) 

K=2 K=3

r
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Why lattice-based?

• Ecological habitats - regular 
spatial lattices?

• Avoid the complications of 
simulating models

• Their symmetry allows us to 
exploit certain relations to non-
spatial models

• They neither favor nor suppress 
natural selection

• Applications: genetics, tumor 
growth, spread of infections, 
economics, etc..

From [12]
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Overview

• Environmental and individual constraints

• Stochastic growth models

– Richardson’s model

– The basic contact process

– The quadratic contact process

• Stochastic competition models

– The basic voter model

– The stepping stone model
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Environmental and 

Individual Constraints
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Structured populations

• d-dimensional integer lattice Zd

• Points in the spatial grid are called sites 

 xi 2 Zd

• State of the system  - ξt(x1),…,ξt(xn) 

• Finite set of states - S

• Neighborhood of xi - Ni
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Typical neighborhoods
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• Periodic vs. non-periodic boundary conditions

• Open v. close boundary conditions

• Transition between states ξt and ξt+1 may be determined by 

the joint behavior of the individuals at site xi and those at

xj 2 Ni
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Growth Models
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Richardson’s Model

• Simplest possible growth model

• An offspring is born near its parents (von Neumann 

neighborhood)

• If xi is occupied  then ξt(xi)=1

• If xi is vacant ξt(xi)=0

• Once a site is occupied remains occupied forever

• A vacant site becomes occupied at a rate equal to the 

fraction of the four nearest neighbors that are occupied
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• Squares with similar color 
shades represent sites that 
where occupied at similar 
time instants.

• Let B(t) be the set of sites 
that are occupied at time t

• What is the rate at which the 
set B(t) grows?

13



 Theorem 1: For Richardson's growth model B(t)/t has a 

limiting shape, which is roughly but not exactly 

circular.

 Sketch of the proof: The first step in Richardson's 

asymptotic shape result is to show that if t(n,0) is the 

first time the point (n,0) is occupied then t(n,0)/n 

converges to a constant c (For details see [22]).
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• Law of large numbers for t(n,0) 

• Is there a central limit theorem?

• Standard deviation of t(n,0) is of order n1/3  (via 
simulations)

• Fluctuations are no worse than n1/2  [24]
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• The number of occupied 

sites across a single row 

is roughly a linear 

function of time 

• “Knee” due to finite 

dimensional lattices

16



Shape of B(t)/t

  0 < t < 70       70 < t < 140      140 < t < 200
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Remarks

• Application: Model the spread of cancerous cells 
[24]

• Very simple definition of Richardson's model 
constrains its applications to real world situations

• It allows us to study the spatial expansion of a 
population only under very idealistic conditions
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• Take into account that individuals may die at a 
certain rate 

• Rate of death per individual independent of the 
number of occupied neighboring sites

• What conditions are required for a population to 
survive?

• How does the spatial structure of a population 
affect these conditions?
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The Basic Contact Process

• Define ξt(xi) as for Richardson’s model

• Individuals occupying sites give birth at a rate β, 
with a birth from site xi ∈ Z2 going to site 

xj ∈ Z2 with probability p(xi-xj)

• If xi is occupied, then it becomes vacant at a 

constant rate δ.
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• Spatially homogeneous neighborhood around each site 

• An offspring born at xi is sent to xj ∈ Ni with 

probability p(xi-xj)=ρ(|xi-xj|)

• The neighborhood of site xi is defined by     

 Ni={xj: k xi-xj k1
 ≦ R}

• If an offspring is sent to xj and xj is vacant it becomes 

occupied; if it is occupied, then nothing happens

• Let β =1 (birth at a rate of at most 1)
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Non-structured population case

• All sites are equally likely to receive an offspring from 

any other site

• The number of occupied sites is a Markov chain 

 N(t) 2{0,1,… ,n} defined by

    N(t)! N(t)-1 at a rate of δ N(t)

    N(t) ! N(t)+1 at a rate of β N(t) (1-N(t)/n)

• Let un(t)=N(t)/n represent the fraction of occupied sites 

and let n ! 1

• Reduce the system to an ODE
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Mean field equation for 

the contact process

• The density of occupied sites u=un as 

 n!1 is given by

   du/dt  = -δ u + β u(1-u) 

             = β u [(β-δ)/β – u]

• If β = 1 it is clear that if population structure is ignored 
then δc = 1

• If δc > 1 then du/dt < 0 for u ≠ 0

• If δ<δc the equilibrium density of occupied sites is 

 1-δ (this can be shown by letting β=1 and solving for 

du/dt=0)
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• Non-structured population case:

– If δ > 1 the contact process will not survive in the 

sense that it will reach an all-0s state with 

probability 1

• What happens when the spatial structure of the 

population is considered?
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Terminology

• The configuration at time t is described by 

giving the state of each site xi, ξt(x) for all i=1,

…n

• To describe the distribution of the process at 

time t, we have to give for each choice of a 

finite number of sites x1, ... , xn and of possible 

states i1, ... , in, the probability 

   P( ξt(x1) = i1, ...,ξt(xn) = in )
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• The distribution of the process at t =0 is called the 

initial distribution

• An initial distribution for the process which does not 

change in time is called a stationary distribution: For 

all times t, sites x1, ... , xn, and possible states i1, ..., in 

we have 

P(ξt(x1) = i1, ...ξt(xn) = in ) = P( ξ0(x1) = i1, ... ξ0(xn) = in ) 
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• Property 1 (attractiveness): The contact process is 

attractive, meaning that increasing the number of 

individuals adopting strategy 1 increases the total birth rate 

and decreases the total death rate of the system

• Lemma 1: Let ξ1
t denote the process starting with all 1s. If 

the process ξt is attractive, then as 

 t! 1, ξ1
t converges in distribution to ξ1

1

(ξ1
t ) ξ1

1
), where ξ1

1
 represents a stationary distribution
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P(ξ1
t(x1)=i1,…, ξ1

t(xn)=in) = P(ξ1

1 (x1)=i1,…, ξ1

1
 (xn)=in)

• However, ξ1

1
 could of course represent the all-0s 

state (for instance if δ>1)

• Does there exist a critical value δc, so that if δ<δc the 

population survives?
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Theorem 2: For the basic contact process there is a 
critical value δc, which depends on the dispersal 

function ρ(z) so that for δ<δc the process has a non-

trivial stationary distribution (for details see [29]).
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Density of occupied sites

• Let δ=.4

• Initial configuration ξ0(x1)=…=ξ0(xn)=1

• Curve seems to level out around 0.6

• Fluctuations around this value due to the fact that we plot the density of a 
finite lattice

• As t!1 does the process follow a unique non-trivial stationary 

distribution? What is it?
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Theorem 3: For the contact process with δ<δc the 

following holds: 

– If the process survives starting from an finite initial state, 
then it grows linearly and has an asymptotic shape.

– There exists only one non-trivial stationary distribution 
which describes the process as 

 t ! 1.

(for details see [30] and [31])
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Theorem 4: Let the neighborhood of any site xi be

 defined by the set Ni={xj:k xi-xjk1
·     R}. As R!1, 

δc(r)! 1 and

   P(ξ
1

1(x1)=1,…,ξ
1

1(xn)=1) ! 1- δ

 
(for details see [33])

In other words, as r tends to 1, the critical value and 

equilibrium densities converge to those predicted by 

the mean field equation
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Average fraction of occupied sites for different 

death rates

• For von Neumann neighborhood δc¼ 0.607 (see [34],[35])

• Rate of convergence of Theorem 4 (see [38])

• Large neighborhoods and fast stirring

Moore neighborhood with R=5,

n=1600
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The Quadratic Contact Process

• Schloegl’s second model

• The sexual reproduction process

• Birth rate is 1

• An occupied site becomes vacant at rate δ

• A vacant site becomes occupied at a rate k/

4 , where k is the number of diagonally 

adjacent pairs of occupied neighbors
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The critical value for 

survival of the individuals 

starting from a finite set is 

δf = 0

If the initial configuration 

has all 1’s then there exists 

a critical value for the 

existence of a stationary 

distribution
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Theorem 5: There is a δ0>0 so that if 

 δ ≤ δ0, then the limit starting from all 1s is a 

nontrivial stationary distribution

  (for details see [41])

– Value of δ0 in the proof very small

– Via Monte Carlo Simulations δ0¼ 0.1
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Stirring

 A stirring event occurring at time t and involving 

two neighboring sites xi and xj will change the 

state of the system from 

ξt(x1),…,ξt(xn) to ξt+1(x1),…, ξt+1(xn), where

    ξt+1(xi)= ξt(xj),   

    ξt+1(xj)=ξt(xi),  and 

    ξt+1(xk) for k ≠ i,j
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Scale space by multiplying by ε= ν -1/2

Scaled model with states ξε: ε Zd 2 {0,1}

38
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Theorem 6: For the quadratic contact process,

 as ε ! 0 the critical value for survival from a an 

initial state of all 1s, δ0(ε) ! 2/9. If δ<2/9 then the 

equilibrium density

  P(ξ
1

1(x1) =1 ,…, ξ
1

1(xn)=1) ! [1+ (1-4δ)1/2]/2

Simplifies the model of a spatially structured population!!
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Competition Models
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The Basic Voter Model

• Generalized model of the contact process

– Multi-type contact process

• One individual per site

• S≠{0,1}, the state of the site xi, ξt(xi) may

 be 0, or w 2 Z with w>0

• Example: Rectangular grid of houses, a voter changes 

its opinion at on average every 1/ δ
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• Type w individuals die at a rate δw

• Type w individuals give birth at a rate βw,

 with a birth from site xi going to site 

 xj with probability pw(xi-xj)=ρw(|xi-xj|)

• If an offspring is sent from xi to xj and the number of 

the invading type at xi is larger than that of the 

resident type at xj, the invader takes over the site

• Otherwise nothing happens
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Example: are there bushes 

in the forest [46]? 

• Let S={0,1,2}
– If ξt(xi)=0 ! Grass (or vacant sites)

– If ξt(xi)=1 ! Bushes

– If ξt(xi)=2 ! Trees

• Trees don’t feel the presence of bushes or grass

– trees will survive if δ2<δc (range of the neighborhood

• Bushes are strictly dominated by trees

• What happens to the bushes? 

• Do they have enough space in lattice to survive?

• Does spatial structured tend to favor the coexistence of 
strategies which could not coexist in homogeneous 
populations?
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Terminology

• We will say that the system approaches complete 

consensus if for any set of strategy types S and any 

initial configuration 

ξ0(x1),…,ξ0(xn), as t !  1

   P(ξt(xi) = ξt(xj))  !            1

  for all i,j=1,…,n
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Theorem 6: For a population undergoing the voter 
model:

– The system approaches complete consensus 

(i.e., one type of species survives) for d· 2

– Differences in opinion can persist (i.e., different types of 
species may coexist, however, for d>2
(for details see [44])
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Proof:

- Construct a “dual process” for the voter model that 
works backwards in time

- Goal: determine the “source” of the opinion of the 
individual at site xi at time t

- Introduce independent Poisson processes for each site xi, 
i=1,…,n

- Site xi changes its strategy type at times instants txi
k, k¸ 

1, following a Poisson process

- At txi
k
 , k¸ 1, an individual at site xi has picked one of its 

neighboring sites xk
j 2 Ni

- At time t= txi
k we let ξt(xi)=ξt(x

k
j)
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- Draw arrow from (xi, t
xi

k) to (xj
k, 

txi
k)

- Dual process for site xi: ζ
xi,t

s

- Let ζxi,t
0=xi

- Stays at xi until the first time s it 
finds the tail of an arrow starting 
from xi

- If this occurs at at time t-s=tk
xi, 

then ζxi,t
s=xj

k

- Work down until we encounter 
another tail of an arrow

- Opinion of the individual located at xi at time t is the same as that 

of ζxi,t
s at t-s

- Since ζxi,t
s is a continuous time random walk, it stays at a site for 

an exponential amount of time with mean 1/δ, then jumps to 

another randomly chosen neighbor

- Note that ζxi,t
s - ζ

xj,t
s is again a continuous time random walk 

(but jumps at a rate 2δ)
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• For d=1 and d=2 the difference random walk will hit 0 
with probability 1 at some time

• The two ancestral lines will always agree at later times

• However, two random walks ζxi,t
s and ζxj,t

s have positive 

probability of never hitting each other in dimensions 
d > 2

• What if the number of sites tends to infinity (for d>2)?
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Mean field equations for 

the Voter model

• The density of species is given by

   du1/dt=u1 ( β1(1-u1-u2) - δ1 -β2u2) 

   du2/dt=u2 ( β2(1-u2) -δ2)

•  The du2/dt equation derived similarly as the contact process

•  The du1/dt equation:

β1(1-u1-u2): births of individuals with strategy type 1 onto vacant sites

δ1: death rates

β2u2: births of individuals with strategy type 2 onto sites occupied by 

individuals with strategy type 1
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• The equilibrium density of individuals with strategy 
type 2 will be

 

    u’2=(β2-δ2)/β2

• And u’1>0 if

    β1δ2/β2-δ1-β2+δ2>0   (*)
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Theorem 8: When (*) holds, then there exists a 
stationary distribution that concentrates on 
configurations with infinitively many sites in each of 
the possible states (i.e., coexistence of different 
species occurs). If we have “< ” in (1) then 
whenever the are infinitively many 2s in the initial 
distribution,

                   P(ξt(x1)=1, …, ξt(xn)=1 ) ! 0

 as t! 1. In other words, individuals with strategy 

type 1 die out.

51



The bigger picture

Single attracting 

fixed point 

Two locally 

attracting points 
Periodic orbits 

From [39]
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• The behavior of stochastic spatial models can be 

determined from the properties of the mean field ODE

• Attempts at defining the moderate length scale precisely 

(see [48] and [49])
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The Stepping Stone Model

• At each site xi there is a colony of N individuals labeled 

1,…,N

• Being able to consider colony size N >1 enriches the 

behavior of the model
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Conclusions

• Growth models lay the foundation for competition 

models

• Spatial structure does not help survival of individual 

species…but allows co-existence of different ones

• Most theoretical results from the field of Interacting 

Particle Systems (IPS)
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